Abstract. Stembridge generalized Schur's Q functions to enriched P -partitions and peak algebra. It later appears that the Q functions and peak algebra are odd Hopf subalgebra of symmetric functions and quasi-symmetric functions respectively. We will give a strategy to find the odd Hopf subalgebra of any combinatorial Hopf algebra. The maps from symmetric functions to Q functions and from quasi-symmetric functions to peak algebra, called Theta maps, are combinatorial Hopf morphisms and have their own interests. We are going to develop a general theory for theta maps for many families of combinatorial Hopf algebras.
Introduction
The story begins with a special class of symmetric functions. In 1911, Schur defines the Schur's Q functions in the studies of projective representations of symmetric groups [14] . They showed great importance in many different contexts including representation of Lie superalgebras, certain cohomology classes, etc [8, 12] . Consider the algebra morphism Θ Sym : Sym → Sym, h n → q n where h n are the homogeneous basis and q n are Schur's Q functions. We call this map the Theta map for symmetric functions. It is not only a graded Hopf morphism, but also self-adjoint with respect to the Hall scalar product i.e. the following diagram commutes. In fact, the image of Θ NSym is the graded dual of Π, denoted by Π * .
A character ζ of a graded connected Hopf k-algebra H is a multiplicative map from H to k. The set of characters of H form a group under convolution product. The pair (H, ζ) is called a combinatorial Hopf algebra. We defineζ to be the character such thatζ| Hn = (−1) n ζ| Hn . Let QSym ζ QSym , respectively.
In this paper, we are going to develop a general notion of the Theta maps. For each combinatorial Hopf algebra (H, ζ), there is a unique graded Hopf morphism Ψ : H → QSym such that ζ = ζ QSym • Ψ. Then, a graded Hopf morphism Θ : H → H is called a Theta map for (H, ζ) if the following diagram commutes.
Can we find a graded Hopf morphism Θ : SSym → SSym that makes the following cube commute?
In section 6, we are going to apply the general results to give a description of such maps.
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Preliminaries
2.1. The Hopf algebras Sym, QSym and NSym. This section recalls the algebraic structure of the symmetric functions (Sym), the quasi-symmetric functions (QSym) and the non-commutative symmetric functions (NSym). For more details, we refer to [7] .
A composition α of n, written α |= n, is a finite tuple of positive integers (α 1 , . . . , α l ) where α 1 + . . . + α l = n. We say ℓ(α) := l is the length of α and |α| = n. Denote by Q n the set of all subsets of [n − 1] := {1, 2, . . . , n − 1}. There is an one-to-one correspondence I between Q n and the set of compositions of n, where I(α) = {α 1 , α 1 + α 2 , . . . , α 1 + . . . + α l−1 }.
For two compositions α, β |= n, we write α ≤ β if I(α) ⊆ I(β). For a composition α of n, let
This is an element of the commutative algebra of formal power series in variables {x i } i≥1 . By convention, M () = 1, where () denotes the unique composition of 0 with no parts. The product and coproduct are inherited from the ring of power series.
The ring of quasisymmetric functions is denoted by QSym and is defined as follows
QSym n , where QSym n = k-Span{M α : α |= n}. The ring of quasisymmetric functions is indeed a Hopf algebra with comultiplication
where β ⊙ γ is the concatenation of compositions β and γ.
Another well-known linear basis of QSym n is obtained by defining for each α |= n,
H n be the non-commutative algebra freely generated by infinitely many variables {H n } n≥1 .
The algebra NSym is a graded connected Hopf algebra with comultiplication 
The set of characters of H forms a group, with convolution product
The identity element is the counit ǫ, the inverse is given by ζ −1 = ζ •S H where S H is the antipode of H. We defineζ to be the character such thatζ| Hn = (−1) n ζ| Hn . For more details about the group of characters of a combinatorial Hopf algebra refer to [1] .
Consider the canonical characters ζ :
Restricting this character to Sym and QSym gives ζ Sym : Sym → k, where 
Moreover, Ψ is explicitly given as follows. For h ∈ H n ,
where, for α = (α 1 , . . . , α k ), ζ α is the composite
where the unlabelled map is the canonical projection onto a homogeneous component. Also, If H is cocommutative, then Ψ(H) ⊆ Sym.
We now give a precise description of the Theta maps for QSym and NSym.
Let odd(β) be the composition obtained by adding the entries within each maximal segment of β of the form (even, even, ..., odd). For example, odd(3, 4, 2, 1, 3, 2, 1) = (3, 7, 3, 3) . Then by [1, Example 4.9] we have
Also for NSym we have
where R α = L * α is the dual basis of the fundamental basis in QSym, also known as the non-commutative Ribbon basis.
2.3.
Permutations and the Malvenuto-Reutenauer Hopf algebra. Let S n denote the set of permutations on {1, 2, . . . , n}. The elements σ ∈ S n are viewed as word σ (1), . . . , σ(n). We denote the length of a word w by |w|. If σ, τ are two words, σ ⊙ τ = ω is the word such that ω(i) = σ(i) for 1 ≤ i ≤ |σ| and ω(i) = τ (i − |σ|) for i > |σ|. If σ, τ are permutations, − → σ ⊙ τ = ω is the permutation such that ω(i) = σ(i) + |τ | for 1 ≤ i ≤ |σ| and ω(i) = τ (i − |σ|) for i > |σ|.
Let ω be a word of N such that ω(i) = ω(j) for all i = j. The set of inversions of ω is
The standardization of ω, denoted by std(ω) is the unique permutation in S |ω| such that Inv(ω) = Inv(std(ω)). We have a weak order, <, on S n by σ < τ if Inv(σ) ⊂ Inv(τ ). If σ, τ are permutations, their shifted shuffle, denoted by σ ¡ − → τ , is the set of ω ∈ S |σ|+|γ| such that std(ω
The Malvenuto-Reutenauer Hopf algebra, denoted by SSym, is the graded Hopf algebra SSym =
n≥0
SSym n that SSym n = k-Span{F σ : σ ∈ S n }.
The product formula is
The coproduct formula is
A second basis, introduced in [2] , is defined as
where µ(σ, τ ) is the Möbius function on the weak order.
By Möbius inversion formula,
The M basis has a particularly nice coproduct formula
Let {F * σ } and {M * σ } denote the dual bases of F and M bases respectively, we have
The self-duality of SSym follows from the isomorphism
We have a surjective descent map D : SSym → QSym
The dual map is
The odd Hopf subalgebras for combinatorial Hopf algebras
In this section we analyze the image of combinatorial Hopf morphisms, more especially, we show that the image of a Theta map must be in odd Hopf subalgebra.
Any graded Hopf algebra H carries a canonical automorphism h → h := (−1) n h for homogeneous elements h ∈ H n . This is an involution: h = h. Therefore, it induces an involution φ → φ on the character group of H, with
Definition 3.1. A character φ of a graded Hopf algebra H is said to be even if
and it is said to be odd if
Given a character ζ of H, let S − (H, ζ) be the largest graded coalgebra of H such that
is a Hopf algebra and is called the odd Hopf subalgebra of (H, ζ). Also, S − (H, ζ) is the set of all elements h ∈ H such that it satisfies one of the following equivalent relations (the equations 2 and 3 are called Generalized Dehn-Sommerville relations for the combinatorial Hopf algebra (H, ζ)):
where χ = ζζ and ǫ is the counit of H.
The image of Theta maps for Sym, QSym and NSym are the algebra of Q-Schur functions, the Peak algebra and the dual of peak algebra, respectively. Therefore, the image of Theta maps for these Hopf algebras are their odd Hopf subalgebras. We will show that if Θ is a Theta map for (H, ζ), then the image of Θ must be in S − (H, ζ). Before that we need following theorem which also help us to find a strategy for finding the odd Hopf subalgebra of any combinatorial Hopf algebra.
(1) Let I be a Hopf ideal of H such that I ⊆ ker(ζ). Then (H/I, ζ I ) is a combinatorial Hopf algebra where
Proof.
(1) Since I is a Hopf ideal, H/I is a Hopf algebra. Also, ζ I is a character of H/I because
This is a Hopf morphism and by
The Hopf algebra S − (H/I, ζ I ) is the largest graded Hopf subalgebra of H contained in ker(χ I − ǫ I ) where ǫ I is the counit of H/I and χ I = ζ I ζ I is the Euler character of H/I. Let a be a homogeneous element in A. Note that S − (H/I, ζ I ) = A/I, thus
Therefore,
Since (S − (H, ζ) + I)/I ⊆ S − (H/I, ζ I ) = A/I, we conclude that S − (H, ζ) ⊆ A, and so
Thus, we have ker(α) ⊆ ker(ζ), and so (H/ ker(α), ζ ker(α) ) is a combinatorial Hopf algebra. Therefore,
is well defined and is a Hopf algebra isomorphism. Furthermore, by (2),
Then α is an isomorphism, and so by [1, Proposition 5.6] we have h + ker(α) ∈ S − (H/ ker(α), ζ ker(α) ). By (2) we have
We now show that the image of a Theta map for (H, ζ) is in the odd Hopf subalgebra of (H, ζ).
Proof. As a Theta map for a combinatorial Hopf algebra (H, ζ) is a Hopf algebra map Θ : H → H which makes the following diagram commutative.
Since Π is the odd Hopf subalgebra of QSym, by Theorem 3.2 (4) we have Θ(H) ⊆ S − (H, ζ).
A Strategy for finding S − (H, ζ)
In [1, Sections 6, 7, 8] , the authors find the odd Hopf subalgebra of Sym, QSym, NSym, SSym, and LR. However, their technique does not work for every Hopf algebra. In the following, we present a strategy to find a basis for the odd combinatorial Hopf subalgebra of an arbitrary combinatorial Hopf algebra.
(1) By [1, Theorem 4.1], there is a combinatorial Hopf morphism Ψ :
(4) Let {v i : i ∈ I} be a basis for Img(Ψ) ∩ Π. Pick a set {s i : i ∈ I} such that Ψ(s i + ker Ψ) = v i . (5) Pick a basis {k j : j ∈ J} for ker Ψ. (6) The set {s i , k j : i ∈ I, j ∈ J} is a basis for S − (H, ζ).
4.1.
The odd Hopf subalgebra of SSym. We now use the above steps to find the odd Hopf subalgebra of (SSym, ζ SSym ).
For permutations σ ∈ S p and τ ∈ S q , we write ρ = σ\τ if
Every permutation σ can be decomposed to permutation with no global descent, i.e.,
where each σ i has no global descent. Let k(σ) := k.
Let D be the surjective descent map from SSym to QSym. Assume that σ ∈ S n , by [2, Proposition 1.4] we have that
A composition α = (α 1 , . . . , α l ) of n is said to be odd if each part α i of α is odd. Given an odd composition β, set
where l(α) is the length of α. In [1, Proposition 6.5] it was shown that {η β } β odd is a basis for Π. A permutation σ is said to be odd if σ = id n 1 \ . . . \id n k and each n i is odd. Given an odd permutation σ, set
Note that for an odd permutation σ = id n 1 \ . . . \id n k , we have
where β = (n 1 , . . . , n k ). We conclude that
is a basis for S − (SSym, ζ SSym ), and also
4.2.
The odd Hopf subalgebra of V. In this section, we present the structure of the Hopf algebra V. Then we use our strategy to find its odd Hopf subalgebra.
where V n = C-Span{v ρ : ρ ∈ S n }. By convention when n = 0, S 0 is the set of the permutation of empty set and V 0 = C-Span{1}.
Assume that σ = σ 1 \ · · · \σ n and δ = δ 1 \ · · · \δ m . Let
Define the shuffle of σ and δ as follows,
where
Define the product and coproduct for V by
respectively. By this product and coproduct V is a Hopf algebra.
Define the following function, Proof. Note that
where (α 1 + . . . + α n 1 , α n 1 +1 + . . . + α n 1 +n 2 , . . . , α n−n k +1 + . . . + α n ). By Theorem 2.1, the character ζ V yields a Hopf algebra morphism Ψ from V to QSym as follows
where for every composition α = (α 1 , . . . , α n ),
Since {S α : α |= n} is a basis for QSym n , we can write
If σ ∈ S n , let |σ| := n. Define a new basis {M σ : σ ∈ ⊔ n≥0 S n } for V, where
Therefore, we have
Note that if we restrict Ψ to C-Span{M idn 1 \···\idn k : n i ∈ N, k ∈ N 0 } we have an isomorphism, thus we have
Given an odd permutation σ = id n 1 \ . . . \id n k , set
We conclude that
is a basis for S − (V, ζ V ), and also
Theta maps for combinatorial Hopf algebras
In this section, the necessarily and sufficient conditions for existence of a Theta map will be presented. Later on, we will find Theta maps for several families of Hopf algebras and also V and SSym.
The following theorem gives the necessarily and sufficient conditions for a Hopf map to be a Theta map. Proof. We have
Ψ is a combinatorial Hopf morphism and so ζ H = ζ QSym • Ψ ) 
Conversely, assume that (H, ζ) has a Theta map Θ H . Then the following diagram commutes.
H QSym
Furthermore, if (H, ζ) has a Theta map, then Θ QSym β = βΘ H , and so β −1 Θ QSym β = Θ H . This shows that there is a unique Theta map for (H, ζ).
Theta maps for commutative and co-commutative Hopf algebras.
In the case of symmetric function this Theta map originate from plethysm and is defined as follows Θ Sym : Sym → Sym p n → 2p n n is odd, 0 n is even.
We can see that
We will show that for every commutative and co-commutative combinatorial Hopf algebra m
Theorem 5.3. Let (H, ζ) be a commutative and co-commutative combinatorial Hopf algebra (or m • (S • R −1 ⊗ id) • ∆ be a Hopf morphism). Then there is a theta map for (H, ζ) as follows,
Proof. Since (H, ζ) is a combinatorial Hopf algebra by [1, Theorem 4.1] we have a combinatorial Hopf algebra Ψ from (H, ζ) to (Sym, ζ QSym ).
Note that
• ∆, i.e., the following diagram commutes.
Let (H, ζ) be a commutative and co-commutative combinatorial Hopf algebra. Then there is a theta map as follows
Even though in the case of non-commutative symmetric functions , m The theta map for QSym takes M 32 to 0, i.e., Θ QSym (M 32 ) = 0 (see 1).
5.3. Theta maps for V. Some combinatorial Hopf algebras can have many Theta maps. We show that when a Hopf morphism can be a Theta map for (V, ζ V ).
Recall that we defined the basis {M σ : σ ∈ ⊔ n≥0 S n } for (V, ζ V ), where
we can conclude that (
Proof. Note that (1) and (4) are equivalent by duality, and by Theorem 5.1, (1) and (2) are equivalent. (2) and (3) are equivalent.
5.3.1.
A Theta map for V with Π as its image. When we restrict Ψ to QV := C-Span{M idn 1 \···\idn k : n i ∈ N, k ∈ N 0 }, we have an isomorphism such that
Dually, we have an isomorphism between QV * and NSym such that
Note that ζ| Vn is a group like element and so ∆(ζ| Vn ) = i+j=n ζ| V i ⊗ζ| V j . Therefore, Θ * V is a Hopf morphism. The image of Θ * V is the free algebra ζ| Vn : n ≥ 0 .
QSym ζ QSym . We know that Θ * QSym (H n ) = ν QSym | QSym n . So the image of Θ * QSym is the free algebra ν QSym | QSym n : n ≥ 0 = Π * .
Note that as a Hopf algebra
Therefore, Θ V : V → V is a Theta map for V which its image is Π.
Theta maps for Malvenuto-Reutenauer Hopf algebra
We now denote ζ = ζ
Proposition 6.1. Let Θ : SSym → SSym be a coalgebra morphism. The following are equivalent.
Proof. The same as Proposition 5.6. We only need to check that ζ SSym = ζ QSym • D maps M σ to 1 when σ = id n and 0 otherwise.
Proposition 6.3. If Θ : SSym → SSym is a self-adjoint coalgebra morphism, then it is a Hopf morphism.
Proof. All we need to show is that Θ is an algebra morphism. If Θ is a coalgebra morphism, then Θ * is an algebra morphism. And the result follows from the composition of algebra morphisms Θ = I −1
We will construct a graded map Θ * : SSym * → SSym * that has three properties:
* is an algebra morphism;
Proof. We know that
Therefore, in terms of the structure coefficients, the three properties are as follows: 
is determined by structure coefficients in lower degrees.
Definition 6.5. We choose a total order < t on S n that satisfies the following two relations:
We need the following lemma to show that < t is well defined.
Lemma 6.6. For σ, τ ∈ S n , if σ < τ and GD(σ) = ∅, then GD(τ ) = ∅.
Proof. This follows from the fact that {(a, b) : a ≤ i, b > i} ⊆ Inv(σ) if and only if i ∈ GD(σ), and σ < τ if and only if Inv(σ) ⊆ Inv(τ ).
We construct Θ * inductively with respect to degree. In degree 1, Θ * (F * 1 ) = 2F * 1 , which satisfies all three conditions. Suppose we have constructed Θ * for degree 1, . . . , n − 1, in degree n, we also use induction with respect to < t as follows:
(6) if GD(σ) = ∅ and GD(τ ) = ∅, then Θ * (F where σ and τ in steps (3) − (7) are not id n .
Example 6.7. The following tables are structure coefficients in degree 2 and 3. The entry at row F * σ and column
Degree 2:
Degree 3:
This construction defines Θ * , in order to show that Θ * satisfies the three properties, it suffices to check the following:
ν for some µ, ν non-empty. In this case, property 3 states that
where the last equality is by induction on degree. Then, the following lemma completes the proof.
Proof. If τ ∈ S n and peak(τ
Case 1: σ(n) = 1. Assume that µ ∈ S n−1 that µ(i) = σ(i) − 1 and ν = 1. Then it suffices to show
We construct two bijections. One is between {τ ≤ σ : τ (n) = 1, peak(τ −1 ) = ∅} and {τ ≤ µ : peak(τ −1 ) = ∅}. The other one is between {τ ≤ µ : peak(τ −1 ) = ∅} and {τ ≤ σ : τ (n) = n, peak(τ −1 ) = ∅}.
For each τ ∈ {τ ≤ µ : peak(τ −1 ) = ∅}, we assign two elementsτ = − → τ ⊙ 1 and
Conversely, for each τ ∈ {τ ≤ σ : peak(τ −1 ) = ∅}, if τ (n) = 1, we assignτ ∈ S n−1 thatτ (i) = τ (i) − 1, if τ (n) = n, we assignτ ∈ S n−1 thatτ (i) = τ (i). By a similar argument,τ ∈ {τ ≤ µ : peak(τ −1 ) = ∅}. And they are clearly inverse of each other.
for some non-empty ω, then by induction
Case 2: σ(n) > 1. In this case, |ν| ≥ 2. For simplicity, let γ = std(σ(1)⊙· · ·⊙σ(n−1)) and ω = std(ν(1) ⊙ · · · ⊙ ν(|ν| − 1)).
Therefore, {τ ≤ σ : peak(τ −1 ) = ∅} = {τ ≤ γ ⊙ n : peak(τ −1 ) = ∅} as peak(τ ) = ∅ only if τ (n) = 1 or n.
We also know that |{τ ≤ γ ⊙ n : peak(τ −1 ) = ∅}| = |{τ ≤ γ : peak(τ −1 ) = ∅}| from Case 1. Hence, by induction, we have
Proof of (2).
Lemma 6.9. The map Θ * is a coalgebra morphism i.e.
Proof. The equality clearly holds when σ = 1. Suppose |σ| ≥ 2 and we use induction on degree.
Case 1: GD(σ) = ∅. The equality clearly holds when σ = id n , in which case it is equivalent to that Θ NSym is a coalgebra morphism. When σ = id n , by induction on < t , it suffices to prove that (
Let ∆ s,t (F σ −1 ) = F δ ⊗ F ǫ . For all µ ∈ S s , ν ∈ S t , we have
Case 2: GD(σ) = ∅. Let σ = − → µ ⊙ ν, then by induction on degree,
Let σ, τ ∈ S n and GD(σ) = ∅, GD(τ ) = ∅. Let σ = − → µ ⊙ ν and τ = − → δ ⊙ ǫ where µ, ν, δ, ǫ are non-empty. By construction, 
